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HOMOLOGICAL SMOOTHNESS AND DEFORMATIONS
OF GENERALIZED WEYL ALGEBRAS
L.-Y. LIU
Abstract. It is an immediate conclusion from Bavula’s papers [1], [2] that if
a generalized Weyl algebra A = k[z;λ, η, ϕ(z)] is homologically smooth, then
the polynomial ϕ(z) has no multiple roots. We prove in this paper that the
converse is also true. Moreover, formal deformations of A are studied when k is
of characteristic zero.
1. Introduction
During the development of algebra, an impetus is to introduce and study non-
commutative objects with commutative background. Among these noncommutative
objects, a class of algebras—generalized Weyl algebras, introduced by Bavula in
[1]—have been studied from different points of view. There are many examples
of generalized Weyl algebras related to rings of differential operators or quantum
groups, such as the usual Weyl algebras, quantum planes, and quantum spheres.
Roughly speaking, let B be an algebra, σ an algebra automorphism of B and a
a central element in B. The triple (B,σ, a) determines a generalized Weyl algebra,
which is generated by two variables x, y over B subject to some relations. Starting
with the same B, generalized Weyl algebras may have different ring-theoretic and/or
homological properties when σ, a vary. The case B = k[z] has received much
attention where k is a field. Necessarily, σ(z) = λz + η for some λ ∈ k \ {0} and
η ∈ k, a is a polynomial ϕ(z). The resulting generalized Weyl algebras are denoted
by k[z;λ, η, ϕ(z)] in this paper. Here we only mention some references on their
homological properties. It is illustrated in [2] that their global dimensions are equal
to 1, 2 or ∞, and the latter occurs if and only if ϕ(z) admits a multiple root (see
also [1], [11], [19]). Their Hochschild homology and cohomology are computed in [6],
[19]. In particular, a remarkable result in [6] is that to assure a duality between its
Hochschild homology and cohomology, the algebra k[z; 1, η, ϕ(z)] should have finite
projective dimension as a bimodule over itself (also called Hochschild cohomological
dimension). This dimension is related to Van den Bergh duality.
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An algebra A is said to be homologically smooth if A has a finitely generated
projective resolution of finite length as an Ae-module. Van den Bergh proved in [21]
that over a homologically smooth algebra A, if there is an invertible bimodule U
and d ≥ 0 such that RHomAe(A,A
e) ∼= U [−d] in the derived category Db(Ae), then
the duality H i(A,M) ∼= Hd−i(A,U ⊗A M) holds for any A-bimodule M . Plenty
of algebras enjoy Van den Bergh duality, such as noetherian Artin-Schelter regu-
lar connected graded algebras, noetherian Artin-Schelter regular Hopf algebras, and
some filtered algebras. Clearly, the Hochschild cohomological dimension of an alge-
bra is not less than its global dimension. So the condition that ϕ(z) has no multiple
roots is necessary if A = k[z;λ, η, ϕ(z)] is homologically smooth. It is natural to
ask whether it is also a sufficient condition. It turns out in [6] and [19] that under
the condition, sup{n | Hn(A,A) 6= 0} is finite. However, the fact is not sufficient to
conclude that A is homologically smooth.
Some examples of generalized Weyl algebras, say Weyl algebra A1(k), quantum
2-plane kq[x, y] and the localization kq[x, y
±1], are all homologically smooth. In [12],
Kra¨hmer proved the standard quantum 2-sphere is Artin-Schelter Gorenstein and
homologically smooth. He also asked whether the non-standard ones are also homo-
logically smooth. The above known results are obtained according to the individual
algebraic structures of these algebras. Their Hochschild cohomological dimensions
are all equal to 2. So together with the results of [2], [6], [11], [19], we conjecture
that the dimension equals 2 provided that it is finite. Thus the problem boils down
to the cohomology group H3(A,M) for an arbitrary A-bimodule M . In this paper,
we make use of the periodic projective resolution constructed in Sect. 3, succeed in
proving the sufficiency. Our tool is called homotopy double complex, which seems
feasible to have other applications. Moreover, homologically smooth generalized
Weyl algebras are proved to be twisted Calabi-Yau (Proposition 4.4 and Theorem
4.5).
Theorem 1.1. Let A = k[z;λ, η, ϕ(z)]. The Hochschild cohomological dimension of
A is 2 if ϕ(z) has no multiple roots, and hence A is homologically smooth. Moreover,
A is ν-twisted Calabi-Yau where ν(x) = λx, ν(y) = λ−1y and ν(z) = z.
In particular, quantum 2-spheres are all homologically smooth. This gives a pos-
itive answer to [12, Question 2].
This paper is also dedicated to the deformations of k[z;λ, η, ϕ(z)]. Deformation
theory is a system studying how an object in a certain category of spaces can be var-
ied in dependence on the points of a parameter space. It deals with the structure of
families of objects like varieties, singularities, vector bundles, presheaves, algebras or
differentiable maps. Deformation problems appear in various areas of mathematics,
in particular in algebra, algebraic and analytic geometry, and mathematical physics.
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We care about formal deformations of associative algebras. Historically, the theme
has its root in the work of Gerstenhaber [7]. There are closed connections be-
tween deformation theory and Hochschild cohomology. For example, the second
Hochschild cohomology group may be interpreted as the set of (equivalence classes
of) first order deformations; the obstruction theory is related to the third Hochschild
cohomology group. In this paper, we construct formal deformations of noncommu-
tative generalized Weyl algebras A = k[z;λ, η, ϕ(z)] when k is of characteristic zero.
Generally speaking, a formal deformation can only be constructed under the se-
vere condition that all obstructions are passed successfully. This condition trivially
holds for homologically smooth generalized Weyl algebras (see §2.3 and Theorem
4.5). According to our computations, a surprising result is that even if A is not
homologically smooth, we can construct a formal deformation of A starting with a
special Hochschild 2-cocycle. Concretely, we use a periodic complex to compute the
Hochschild cohomology of A with coefficients in any A-bimodule M whose cocycles
are called Per cocycles, and define a map f : M → {Per 2-cocycles}. When M = A,
by a pair of quasi-isomorphisms between the Hochschild cochain complex and the
periodic complex, we prove (see Theorems 5.3 and 5.4)
Theorem 1.2. Let A = k[z;λ, η, ϕ(z)] be a noncommutative generalized Weyl alge-
bra. Let F1 be the Hochschild 2-cocycle corresponding to f(z) if η = 0, or to f(1) if
λ = 1. There exist a family of k-bilinear maps Fn : A × A → A, n ≥ 2 integrating
F1 that determine a formal deformation of A. The family {Fn} is unique if each Fn
satisfies the conditions (a), (b) in Lemma 5.1.
We also proved that in most cases, the Hochschild 2-cocycle F1 in the theorem is
not a coboundary, and so our construction is not equivalent to the trivial one.
An interesting subject in noncommutative geometry and mathematical physics is
to study how to treat a noncommutative object as a deformation of a commutative
one. A class of generalized Weyl algebras (λ = η = 1) were studied by T.J. Hodges
as noncommutative deformations of type-A Kleinian singularities [11]. Motivated by
Van den Bergh [20], we give another point of view to obtain noncommutative gener-
alized Weyl algebras by deforming commutative algebras. The main difference be-
tween Hodges’s deformation and ours is that the Kleinian singularities, via Hodges’s
deformation, may become smooth; our deformation preserves the (non)smoothness.
We also show that the map f : M → {Per 2-cocycles} induces an isomorphism
H0(A,M
ν) ∼= H2(A,M) if A is homologically smooth, whose inverse is given explic-
itly. This isomorphism is a Van den Bergh duality.
This paper is organized as follows. In Sect. 2, besides reviewing the definitions
of generalized Weyl algebra and formal deformation, we introduce homotopy dou-
ble complexes as well as the associated total complexes. In Sect. 3, we construct
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a homotopy double complex for the generalized Weyl algebra A = k[z;λ, η, ϕ(z)]
and prove that the associated total complex is a periodic projective resolution. In
Sect. 4, using the periodic projective resolution, we prove that A is homologically
smooth if ϕ(z) has no multiple roots, and furthermore it is twisted Calabi-Yau. In
Sect. 5, deformations of generalized Weyl algebras are studied. We construct formal
deformations of noncommutative generalized Weyl algebras, and illustrate how to
realize them by deforming commutative algebras, under a technical assumption. We
also give an explicit Van den Bergh duality H0(A,M
ν) ∼= H2(A,M) and explain
that our construction is non-trivial in most cases.
2. Preliminaries
Throughout, k is a field, k× = k\{0}, and all vector spaces and algebras are over
k unless stated otherwise. Unadorned ⊗ means ⊗k. Let A be an algebra and M an
A-bimodule. The group of algebra automorphisms of A is denoted by Aut(A). For
any f , g ∈ Aut(A), denote by fMg the A-bimodule whose ground vector space is the
same withM and whose left and right A-actions are twisted by f and g respectively,
that is, a1 ·m · a2 = f(a1)mg(a2) for any a1, a2 ∈ A, m ∈ M . If one of f and g is
the identity map, it is usually omitted.
Let Aop be the opposite algebra of A and Ae = A ⊗ Aop the enveloping algebra
of A. An A-bimodule M can be viewed as a left Ae-module in a natural way, that
is, (a1 ⊗ a2) ·m = a1ma2 for any a1, a2 ∈ A and m ∈M .
2.1. Generalized Weyl algebras. In this subsection, we recall the definition of
generalized Weyl algebras given by Bavula in [1].
Definition 2.1. Suppose B is an algebra. For a central element a ∈ B and an
algebra automorphism σ ∈ Aut(B), the generalized Weyl algebra (GWA for short)
A = B(σ, a) is by definition generated by 2 variables x and y over B subject to
xb = σ(b)x, yb = σ−1(b)y, ∀ b ∈ B,
yx = a, xy = σ(a).
Denote
xi =
{
xi, if i ≥ 0,
y−i, if i < 0,
then A =
⊕
i∈ZBxi, and Bxi = xiB.
There are various algebras belong to the class of GWAs, such as the usual Weyl
algebra A1(k), the enveloping algebra U(sl(2,k)) as well as its primitive factors
U(sl(2,k))/(C − λ) where C is the Casimir element and λ ∈ k, the quantum 2-
spheres, and so on (see [2]).
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Many properties of GWAs have been studied. But the literature on their homo-
logical smoothness is quite limited. Recall that an algebra is said to be homologically
smooth if as a bimodule over itself, it admits a finitely generated projective resolu-
tion of finite length. One aim of this paper is to study the homological smoothness
and twisted Calabi-Yau property of a class of GWAs.
Definition 2.2 ([3]). Suppose that A is an algebra and ν ∈ Aut(A). A is called
ν-twisted Calabi-Yau of dimension d for some d ∈ N if A is homologically smooth,
and
ExtiAe(A,A
e) ∼=
{
0, if i 6= d,
Aν , if i = d
as Ae-modules, where the left Ae-module structure of Ae is used to compute the
homology and the right one is retained, inducing the Ae-module structures on the
homology groups.
Remark 2.3. In the definition, the integer d is equal to the Hochschild cohomological
dimension of A. The automorphism ν is unique up to inner isomorphism and is thus
called the Nakayama automorphism of A (see [4]).
2.2. Spectral sequence of a homotopy double complex. Let us introduce the
notion of homotopy double complexes and the associated total complexes.
Definition 2.4. Suppose that A is an abelian category. Let {Cpq}p,q∈Z be a family
of objects in A together with morphisms dv , dh, s of degrees (0, 1), (1, 0), (2,−1)
respectively. The 4-tuple (C ··, dv , dh, s) is called a homotopy double cochain complex
if
(2.1) d2v = 0, dhdv + dvdh = 0, d
2
h + dvs+ sdv = 0, dhs+ sdh = 0, s
2 = 0.
The associated total complex (TotC ··, d) is defined by (TotC ··)n =
⊕
p+q=nC
pq and
d = dv + dh + s.
Homotopy double chain complexes and the associated total complexes can be
defined similarly. We put in two pictures for the reader to visualize the definitions.
cochain : C02 C12 C22
C01
dv
OO
dh //
s
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
C11 C21
C00 C10 C20
chain : C02 C12 C22
C01 C11 C21
dv
dh
oo
s
ii❘❘❘❘❘❘❘❘❘❘❘❘
C00 C10 C20
It is easy to see that by letting s = 0, a homotopy double complex as well as the
associated total complex is exactly the usual double complex as well as the usual
total complex.
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Theorem 2.5. Suppose that there exist enough projective objects in A. Let C· be
a chain complex, and (P··, d
v , dh, r) be a homotopy double complex on the upper-half
plane. Suppose that for each p, Pp,· is a projective resolution of Cp and that the
differentials of C· are induced by d
h. Then TotP·· is quasi-isomorphic to C· if one
of the following conditions holds:
(1) there is an integer N such that Ppq = 0 for all q > N ,
(2) there is an integer N such that Ppq = 0 for all p < N .
Proof. The filtration by columns
(FnP··)pq =
{
Ppq, if p ≤ n,
0, if p > n
makes TotP·· into a filtered complex, and thus gives rise to a spectral sequence
Erpq, starting with E
0
pq = Ppq. The differentials d
0 are just dv , so E1pq = H
v
q (Pp,·).
The differentials d1 are induced by dh since (dh)2 is null homotopy, so we have
E2pq = H
h
pH
v
q (P··).
Since Pp,· is a projective resolution of Cp, we have
E2pq =
{
Hp(P·), if q = 0,
0, if q 6= 0.
In both cases, the filtration is bounded, thus we have a convergent spectral sequence
Epq2 ⇒ H
p+q(TotP··). Therefore, TotP·· is quasi-isomorphic to C·. 
Remark 2.6. Unlike the usual double complexes, one fails to endow the total complex
of P·· with the filtration by rows because the differentials do not respect the filtration.
2.3. Deformations of an associative algebra. The first part of this subsection
is devoted to a review of formal deformations. The reader is referred to the survey
[8] for details. In the second part, we introduce locally finite deformations.
Let A be an algebra, and (C ·(A,A), b) the Hochschild cochain complex of A.
Denote by k[[t]] the ring of formal power series in an indeterminate t, and by A[[t]]
the k[[t]]-module of formal power series
∑∞
n=0 ant
n with coefficients in A. Given a
family of k-bilinear maps Fn : A × A → A, n ≥ 1, one obtains a k-bilinear map
∗ : A×A→ A[[t]] defined by
(2.2) u ∗ v = uv + F1(u, v)t+ F2(u, v)t
2 + · · · .
A formal deformation of A is such a ∗ that the extended k[[t]]-bilinear map A[[t]]×
A[[t]] → A[[t]] determines an associative multiplication on A[[t]]. In this case, the
maps Fn satisfy
(2.3)
n−1∑
i=1
Fi • Fn−i = bFn
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where Fi • Fn−i ∈ C
3(A,A) is defined by
Fi • Fn−i(a1, a2, a3) = Fi(Fn−i(a1, a2), a3)− Fi(a1, Fn−i(a2, a3)).
Two formal deformations ∗ and ∗′ are said to be equivalent if there is a k[[t]]-
algebra isomorphism G : (A[[t]], ∗) → (A[[t]], ∗′) such that
G(u) ≡ u mod tA[[t]]
for all u ∈ A. We use the symbol ∼=f to express the kind of isomorphisms.
In the definition of formal deformation, by replacing k[[t]], A[[t]] by k[t]/(tn+1),
A⊗ k[t]/(tn+1) respectively for n ∈ Z+, the nth order deformation and equivalence
relation can be defined similarly.
If we view each Fn as an element in the Hochschild cochain module C
2(A,A),
then F1 must be a 2-cocycle by the associative law. Moreover, let F
′
1 be another
2-cocycle. Then F1, F
′
1 represent the same cohomology class in H
2(A,A) if and only
if F ′1 appears in a formal deformation ∗
′ equivalent to ∗. In fact, there is a bijection
between H2(A,A) and the family of equivalence classes of first order deformations.
A natural question is: Is any 2-cocycle able to lift to a formal deformation? The
answer is no in general.
Let F0 be the multiplication map of A. Starting with a certain F1 ∈ Z
2(A,A),
F0+F1t defines an associative multiplication on A⊗k[t]/(t
2). One can show F1•F1 ∈
Z3(A,A), and by (2.3), F1•F1 = bF2 for some F2 if and only if F0+F1t+F2t
2 defines
an associative multiplication on A ⊗ k[t]/(t3). The cohomology class [F1 • F1] ∈
H3(A,A) is vividly called the primary obstruction to integrating F1. Generally, if
there is an (n − 1)st order deformation F0 + F1t + · · · + Fn−1t
n−1, then the left-
hand side of (2.3) is always a Hochschild 3-cocycle whose cohomology class is called
an obstruction, and it is a coboundary if and only if there exists an nth order
deformation F0 + F1t + · · · + Fn−1t
n−1 + Fnt
n. If all obstructions can be passed
successfully, i.e., [F1 • Fn + F2 • Fn−1 + · · ·+ Fn • F1] = 0 in H
3(A,A) for all n ≥ 1,
we say that F1 is integrable and F2, F3, . . . integrate F1.
It is a difficult problem to decide when a 2-cocycle is integrable, unless luckily,
one has H3(A,A) = 0. We will show that the homologically smooth GWAs studied
in Sect. 4 are such algebras.
Let ∗ be a formal deformation of A and A˜ = A ⊗ k[[t]]. Since k is a field, A˜
is a k[[t]]-submodule of A[[t]]. It is easy to verify that A˜ is a k[[t]]-subalgebra of
(A[[t]], ∗) if and only if the right-hand side of (2.2) belongs to A˜ for all u, v ∈ A.
In this case, we say ∗ to be locally finite, i.e., the vector space
∑
n≥1 kFn(u, v) is
finite dimensional for every pair (u, v) ∈ A×A. Moreover, the t-adic completion of
(A˜, ∗|A˜) is isomorphic to (A[[t]], ∗). Let A˜t be the localization of A˜ at t, which is a
k((t))-algebra. We call A˜t a locally finite deformation of A.
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The trivial formal deformation ∗tr is given by Fn = 0 for all n ≥ 1, i.e., (A[[t]], ∗tr)
is the algebra of the formal power series with coefficients in A, and A˜t ∼= k((t)) ⊗ A
is an extension of base field.
3. Projective resolutions
3.1. A periodic complex. For any GWA A = B(σ, a), we construct a periodic
complex C· of A
e-modules as the cornerstone of the conclusions in this paper.
Proposition 3.1. Suppose that A = B(σ, a) is a GWA. Let C· ∈ Ch≥0(A
e) be the
chain complex of Ae-modules with C0 = A⊗B A, Ci = (A
σ ⊗B A) ⊕ (A ⊗B
σA) for
all odd i, and Ci = (A ⊗B A) ⊕ (A ⊗B A) for all even i > 0, whose differentials
di : Ci → Ci−1 are defined by
d1(1⊗ 1, 0) = x⊗ 1− 1⊗ x, d1(0, 1 ⊗ 1) = y ⊗ 1− 1⊗ y,
for all j > 0,
d2j(1⊗ 1, 0) = (y ⊗ 1, 1⊗ x), d2j(0, 1 ⊗ 1) = (1⊗ y, x⊗ 1),
d2j+1(1⊗ 1, 0) = (x⊗ 1,−1 ⊗ x), d2j+1(0, 1 ⊗ 1) = (−1⊗ y, y ⊗ 1).
If a ∈ B is not a zero-divisor, then Hi(C) = 0 for all i 6= 0 and H0(C) = A.
Proof. It is routine to check that di’s are well defined and are differentials.
It is easy to see H0(C) = A. We need to prove the exactness in degrees 1, 2, 3.
Since A is a free left and right B-module with a basis {xi}i∈Z, A
σ⊗BA, A⊗B
σA,
and A ⊗B A are all isomorphic
⊕
i, j∈Z xiBxj as vector spaces. Thus any element
in them can be expressed to be
∑
i, j xi ⊗ bijxj uniquely with bij ∈ B. Such an
expression is called standard.
(1) Ker d1 ⊂ Im d2: For any P = (
∑
i, j xi ⊗ bijxj ,
∑
p, q xp ⊗ cpqxq) ∈ Ker d1, we
have
(3.1)
∑
i, j
xix⊗ bijxj −
∑
i, j
xi ⊗ xbijxj = −
∑
p, q
xpy ⊗ cpqxq +
∑
p, q
xp ⊗ ycpqxq.
The standard forms of the four summations in (3.1) are∑
i≥0
∑
j
xi+1 ⊗ bijxj +
∑
i≤−1
∑
j
xi+1 ⊗ abijxj,
∑
i
∑
j≥0
xi ⊗ σ(bij)xj+1 +
∑
i
∑
j≤−1
xi ⊗ σ(bij)σ(a)xj+1,
∑
p≤0
∑
q
xp−1 ⊗ cpqxq +
∑
p≥1
∑
q
xp−1 ⊗ σ(a)cpqxq,
∑
p
∑
q≤0
xp ⊗ σ
−1(cpq)xq−1 +
∑
p
∑
q≥1
xp ⊗ σ
−1(cpq)axq−1.
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Endow Z × Z with the lexicographic order. Let (i′, j′) and (p′, q′) be the greatest
indexes such that bi′j′ 6= 0, cp′q′ 6= 0, respectively. Since a 6= 0, by observing the four
standard forms, the highest nonzero term of the left-hand side in (3.1), xi′+1⊗bi′j′xj′
or xi′+1 ⊗ abi′j′xj′ , must cancel that of the right-hand side, xp′ ⊗ σ
−1(cp′q′)xq′−1 or
xp′ ⊗ σ
−1(cp′q′)axq′−1. This is equivalent to
xi′x⊗ bi′j′xj′ = xp′ ⊗ ycp′q′xq′ .
It follows that (i′ + 1, j′) = (p′, q′ − 1), and
(3.2) xi′x⊗ bi′j′xj′ = xi′+1 ⊗ σ
−1(cp′q′)yxj′+1.
We have the following four cases.
(i) i′ ≥ 0, j′ ≤ −1. Equation (3.2) becomes xi
′+1⊗bi′j′y
−j′ = xi
′+1⊗σ−1(cp′q′)y
−j′ .
So bi′j′ = σ
−1(cp′q′), and
(xi′ ⊗ bi′j′xj′ , xp′ ⊗ cp′q′xq′) = x
i′(1⊗ σ−1(cp′q′)y, x⊗ cp′q′)y
−q′
= xi
′
(1⊗ ycp′q′ , x⊗ cp′q′)y
−q′ = xi
′
(1⊗ y, x⊗ 1)cp′q′y
−q′
= d2(0, x
i′ ⊗ cp′q′y
−q′).
(ii) i′ ≤ −1, j′ ≤ −1. Equation (3.2) becomes y−i
′−1 ⊗ abi′j′y
−j′ = y−i
′−1 ⊗
σ−1(cp′q′)y
−j′ . So cp′q′ = σ(a)σ(bi′j′) = xyσ(bi′j′) = xbi′j′y, and
(xi′ ⊗ bi′j′xj′ , xp′ ⊗ cp′q′xq′) = y
−p′(y ⊗ bi′j′y, 1⊗ xbi′j′y)y
−j′−1
= y−p
′
(y ⊗ 1, 1 ⊗ x)bi′j′y
−j′ = d2(y
−p′ ⊗ bi′j′y
−j′ , 0).
(iii) i′ ≥ 0, j′ ≥ 0. Equation (3.2) becomes xi
′+1⊗bi′j′x
j′ = xi
′+1⊗σ−1(cp′q′)ax
j′ .
So bi′j′ = aσ
−1(cp′q′) = yxσ
−1(cp′q′) = ycp′q′x, and
(xi′ ⊗ bi′j′xj′, xp′ ⊗ cp′q′xq′) = x
i′(1⊗ ycp′q′x, x⊗ cp′q′x)x
j′
= xi
′
(1⊗ y, x⊗ 1)cp′q′x
q′ = d2(0, x
i′ ⊗ cp′q′x
q′).
(iv) i′ ≤ −1, j′ ≥ 0. Equation (3.2) becomes y−i
′−1 ⊗ abi′j′x
j′ = y−i
′−1 ⊗
σ−1(cp′q′)ax
j′ . So cp′q′ = σ(bi′j′) since a is not a zero-divisor. Thus
(xi′ ⊗ bi′j′xj′ , xp′ ⊗ cp′q′xq′) = y
−p′(y ⊗ bi′j′ , 1⊗ σ(bi′j′)x)x
j′
= y−p
′
(y ⊗ bi′j′ , 1⊗ xbi′j′)x
j′ = y−p
′
(y ⊗ 1, 1⊗ x)bi′j′x
j′
= d2(y
−p′ ⊗ bi′j′x
j′ , 0).
In each case, the highest term of P lies in Im d2. By considering the next highest
pair in the lexicographic order and repeating the above argument, we have P ∈ Im d2.
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(2) Ker d2 ⊂ Im d3: For any P = (
∑
i, j xi ⊗ bijxj ,
∑
p, q xp ⊗ cpqxq) ∈ Ker d2, we
have 

∑
i, j
xiy ⊗ bijxj +
∑
p, q
xp ⊗ ycpqxq = 0
∑
i, j
xi ⊗ xbijxj +
∑
p, q
xpx⊗ cpqxq = 0.
Let (i′, j′) and (p′, q′) be the indexes of the highest nonzero terms in both coordi-
nates of P . By a similar argument with (1), we have{
xi′y ⊗ bi′j′xj′ + xp′ ⊗ ycp′q′xq′ = 0
xi′ ⊗ xbi′j′xj′ + xp′x⊗ cp′q′xq′ = 0.
Hence (i′ − 1, j′) = (p′, q′ − 1) and
xi′y ⊗ bi′j′xj′ + xp′ ⊗ σ
−1(cp′q′)yxq′ = 0,(3.3)
xi′ ⊗ σ(bi′j′)xxj′ + xp′x⊗ cp′q′xq′ = 0.(3.4)
Consider the following four cases: (i) i′ ≥ 1, j′ ≥ 0, (ii) i′ ≥ 1, j′ ≤ −1, (iii)
i′ ≤ 0, j′ ≥ 0, (iv) i′ ≤ 0, j′ ≤ −1. In each case, we obtain the results from (3.3),
(3.4) as follows.
(i) cp′q′ = −σ(bi′j′) and (xi′ ⊗ bi′j′xj′, xp′ ⊗ cp′q′xq′) = x
p′(x⊗ 1,−1⊗ x)bi′j′x
j′ =
d3(x
p′ ⊗ bi′j′x
j′ , 0).
(ii) cp′q′ = −σ(a)σ(bi′j′) = −xbi′j′y and (xi′ ⊗ bi′j′xj′ , xp′ ⊗ cp′q′xq′) = x
p′(x ⊗
1,−1 ⊗ x)bi′j′y
−j′ = d3(x
p′ ⊗ bi′j′y
−j′, 0).
(iii) bi′j′ = −σ
−1(cp′q′)a = −ycp′q′x and (xi′ ⊗ bi′j′xj′ , xp′ ⊗ cp′q′xq′) = y
−i′(−1 ⊗
y, y ⊗ 1)cp′q′x
q′ = d3(0, y
−i′ ⊗ cp′q′x
q′).
(iv) bi′j′ = −σ
−1(cp′q′) and (xi′⊗bi′j′xj′ , xp′⊗cp′q′xq′) = y
−i′(−1⊗y, y⊗1)cp′q′y
−q′ =
d3(0, y
−i′ ⊗ cp′q′y
−q′).
Just as what we did in (1), we have P ∈ Im d3.
(3) Ker d3 ⊂ Im d4: This case is similar with (2), so we omit the proof. 
3.2. Construction of homotopy double complex. As stated in Theorem 2.5,
a projective resolution of the complex C· can be constructed if there is a suitable
homotopy double complex (P··, d
v, dh, r) on the upper-half plane. In particular,
applying Theorem 2.5 to Proposition 3.1 if such P·· exists, TotP·· is an A
e-projective
resolution of A.
The question is how to construct a homotopy double complex from the periodic
complex C·. Note that we have C0 = A ⊗B A ∼= A ⊗B B ⊗B A, and that we have
similar presentations for all the Cp. Note also that each of the functors A ⊗B −
and − ⊗B A are exact, since A is flat (free) over B. So from a projective bimodule
resolution K· of B we get a resolution P0,· = A⊗B K·⊗B A of C0 whose differentials
are denoted by dv0,·. Projectivity of the new resolution P0,· over A
e follows form the
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projectivity of K· over B
e. By a similar process, we get resolutions Pp,· of all the Cp.
Namely, we obtain a family {Ppq}p,q of projective A
e-modules as well as differentials
dv of degree (0,−1).
Next, due to the Comparison Lemma, each differential dp : Cp → Cp−1 lifts to a
morphism Pp,· → Pp−1,· of complexes. Using the sign’s trick, we obtain d
h
pq : Ppq →
Pp−1,q such that the second equation in (2.1) is satisfied. It follows from dp−1dp = 0
that dhp−1,·d
h
p,· is null homotopic. This in turn indicates the existence of homotopy
rpq : Ppq → Pp−2,q+1 such that the third equation in (2.1) is also satisfied (Here we
use r instead of s). If the last two hold also, then (P··, d
v , dh, r) is a homotopy double
complex as required.
We will not discuss the existence of homotopy double complexes for a general
GWA. Instead, let us restrict our attention to the special case: B = k[z]. In this
case, a is not a zero-divisor if and only if a 6= 0. Let a = ϕ(z) =
∑l
i=0 aiz
i with
al 6= 0. Since σ(z) must be of the form λz + η for some λ ∈ k
×, η ∈ k, we write the
GWA A = B(σ, a) as k[z;λ, η, ϕ(z)].
Choose bimodule projective resolutions of k[z] to be
0→ k[z]⊗ k[z]
δc−→ k[z]⊗ k[z]→ k[z]→ 0
where δc(1⊗ 1) = c(z ⊗ 1− 1⊗ z) for any c ∈ k
×. According to the construction of
P·· given before, we have P00 = P01 = A ⊗ A, P10 = P11 = (A
σ ⊗ A) ⊕ (A ⊗ σA),
and so on. Note that as A-bimodules, Aσ ⊗A = A⊗ σA = A⊗A, since the actions
are all given by
a ⊲ (u⊗ v) ⊳ b = au⊗ vb.
So we have Pj0 = Pj1 = (A ⊗ A)
⊕2 for j ≥ 1. The nonzero vertical differentials
are only dvp1 for all p ≥ 0, which are written as d
v
p for short. Let d
v
0 be induced by
δ1, d
v
j be induced by (δ1, δλ−1) for all odd j, and by (δ1, δ1) for all positive even j.
Explicitly, dv0(1⊗ 1) = z ⊗ 1− 1⊗ z,
dv1(1⊗ 1, 0) = (σ(z) ⊗ 1− 1⊗ z, 0), d
v
1(0, 1 ⊗ 1) = (0, σ
−1(z)⊗ 1− 1⊗ z),
dv2(1⊗ 1, 0) = (z ⊗ 1− 1⊗ z, 0), d
v
2(0, 1 ⊗ 1) = (0, z ⊗ 1− 1⊗ z),
and so on.
By the Comparison Lemma and the sign’s trick, we define dh·,0, d
h
·,1 as follows,
dh10(1⊗ 1, 0) = x⊗ 1− 1⊗ x, d
h
10(0, 1 ⊗ 1) = y ⊗ 1− 1⊗ y,
dh2j,0(1⊗ 1, 0) = (y ⊗ 1, 1 ⊗ x), d
h
2j,0(0, 1 ⊗ 1) = (1⊗ y, x⊗ 1),
dh2j+1,0(1⊗ 1, 0) = (x⊗ 1,−1⊗ x), d
h
2j+1,0(0, 1 ⊗ 1) = (−1⊗ y, y ⊗ 1),
dh11(1⊗ 1, 0) = −x⊗ 1 + λ⊗ x, d
h
11(0, 1 ⊗ 1) = −y ⊗ 1 + λ
−1 ⊗ y,
dh2j,1(1⊗ 1, 0) = (−y ⊗ 1,−λ⊗ x), d
h
2j,1(0, 1 ⊗ 1) = (−λ
−1 ⊗ y,−x⊗ 1),
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dh2j+1,1(1⊗ 1, 0) = (−x⊗ 1, λ⊗ x), d
h
2j+1,1(0, 1 ⊗ 1) = (λ
−1 ⊗ y,−y ⊗ 1).
After that, let us construct rp = rp0 : Pp0 → Pp−2,1. Define the linear map
∆0 : k[z]→ k[z] ⊗ k[z] by ∆0(1) = 0 and ∆0(z
k) =
∑k
i=1 z
k−i ⊗ zi−1 for k ≥ 1. Let
ι : k[z] →֒ A be the natural embedding. For any k-linear endomorphisms f , g of
k[z], we denote (ι⊗ ι) ◦ (f ⊗ g) ◦∆0 by
f∆g, and usually suppress f or g if it is the
identity map. By a direct computation, we have
dh10d
h
20(1⊗ 1, 0) = ϕ(z) ⊗ 1− 1⊗ ϕ(z),
dh10d
h
20(0, 1 ⊗ 1) = σ(ϕ(z)) ⊗ 1− 1⊗ σ(ϕ(z)),
dh2j,0d
h
2j+1,0(1⊗ 1, 0) = (σ(ϕ(z)) ⊗ 1− 1⊗ ϕ(z), 0),
dh2j,0d
h
2j+1,0(0, 1 ⊗ 1) = (0, ϕ(z) ⊗ 1− 1⊗ σ(ϕ(z))),
dh2j+1,0d
h
2j+2,0(1⊗ 1, 0) = (ϕ(z) ⊗ 1− 1⊗ ϕ(z), 0),
dh2j+1,0d
h
2j+2,0(0, 1 ⊗ 1) = (0, σ(ϕ(z)) ⊗ 1− 1⊗ σ(ϕ(z))).
Thus r are defined by
r2(1⊗ 1, 0) = −∆(ϕ(z)), r2(0, 1 ⊗ 1) = −λ
σ∆σ(ϕ(z)),
r2j+1(1⊗ 1, 0) = (−
σ∆(ϕ(z)), 0), r2j+1(0, 1 ⊗ 1) = (0,−λ∆
σ(ϕ(z))),
r2j+2(1⊗ 1, 0) = (−∆(ϕ(z)), 0), r2j+2(0, 1 ⊗ 1) = (0,−λ
σ∆σ(ϕ(z))).
Proposition 3.2. Let A = k[z;λ, η, ϕ(z)]. The above formulas make (P··, d
v , dh, r)
P01
dv0

P11
dh11oo
dv1

P21
dh21oo
dv2

P31
dh31oo
dv3

P41
dh41oo
dv4

· · ·oo
P00 P10
dh10
oo P20
dh20
oo
r2 PPPPP
PPPP
ggPPPPP
PPPP
P30
dh30
oo
r3 PPPPP
PPPP
ggPPPPP
PPPP
P40
dh40
oo
r4 PPPPP
PPPP
ggPPPPP
PPPP
· · ·oo
into a homotopy double complex, and thus TotP·· is an A
e-projective resolution of
A.
Proof. It suffices to verify the last two equations of (2.1).
By the definition of r, we have dhp−1,0d
h
p0 = −d
v
p−2rp for all p. Then
dvp−3d
h
p−2,1rp = −d
h
p−2,0d
v
p−2rp = d
h
p−2,0d
h
p−1,0d
h
p0 = −d
v
p−3rp−1d
h
p0.
Since dvp−3 is injective, we have d
h
p−2,1rp+ rp−1d
h
p0 = 0 for all p, which expresses that
the fourth equation of (2.1) is fulfilled. Since rp are only nonzero homotopy, the
fifth equation holds trivially. 
Remark 3.3. Following [16], the GWA k[z;λ, η, ϕ(z)] is called classical if λ = 1,
η 6= 0, called quantum if λ 6= 1, η = 0. In both cases, Ae-projective resolutions of A
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are constructed in [6] and [19] respectively, via Smith algebra [18], i.e., the algebra
B3 given in Sect. 4. Our results coincide with theirs, but in a different way.
4. Homological smoothness
In this section, let A = k[z;λ, η, ϕ(z)].
Using the homotopy double complex P··, the Hochschild cohomology of A with co-
efficients in an A-bimodule M can be computed. In fact, let Qpq = HomAe(Ppq,M),
and ∂pqv , ∂
pq
h , s
pq be the maps obtained by letting HomAe(−,M) act on d
v
p,q+1, d
h
p+1,q,
rp+2,q−1 respectively. Then (Q
··, ∂v , ∂h, s) is also a homotopy double complex and
Hn(A,M) = Hn(HomAe(TotP··,M)) = H
n(TotQ··).
Since the complex TotQ·· is periodic, an element in Zn(TotQ··) (resp. Bn(TotQ··))
is called a Per n-cocycle (resp. Per n-coboundary).
Concretely, Q·· is given as follows,
M
∂01
h //
s0
❙❙
❙❙
❙❙
❙❙
❙
))❙❙❙
❙❙
❙❙
❙❙
M ⊕M
∂11
h //
s1
❚❚
❚❚
❚❚
❚❚
❚
**❚❚❚
❚❚
❚❚
❚❚
M ⊕M
∂21
h //
s2
❚❚
❚❚
❚❚
❚❚
❚
**❚❚❚
❚❚
❚❚
❚❚
M ⊕M
∂31
h // M ⊕M // · · ·
M
∂00
h
//
∂0v
OO
M ⊕M
∂10
h
//
∂1v
OO
M ⊕M
∂20
h
//
∂2v
OO
M ⊕M
∂30
h
//
∂3v
OO
M ⊕M //
∂4v
OO
· · ·
where for all j ≥ 1,
∂00h (m) = (xm−mx, ym−my),
∂2j−1,0h (m1,m2) = (ym1 +m2x,m1y + xm2),
∂2j,0h (m1,m2) = (xm1 −m2x,−m1y + ym2),
∂01h (m) = (−xm+ λmx,−ym+ λ
−1my),
∂2j−1,1h (m1,m2) = (−ym1 − λm2x,−λ
−1m1y − xm2),
∂2j,1h (m1,m2) = (−xm1 + λm2x, λ
−1m1y − ym2),
∂0v(m) = zm−mz,
∂2j−1v (m1,m2) = (σ(z)m1 −m1z, λ
−1zm2 − λ
−1m2σ(z)),
∂2jv (m1,m2) = (zm1 −m1z, λ
−1σ(z)m2 − λ
−1m2σ(z)),
s0(m) = (−∆(ϕ) ·m,−λσ∆σ(ϕ) ·m),
s2j−1(m1,m2) = (−
σ∆(ϕ) ·m1,−λ∆
σ(ϕ) ·m2),
s2j(m1,m2) = (−∆(ϕ) ·m1,−λ
σ∆σ(ϕ) ·m2).
Let ∂· be the differentials of TotQ··. Denote by ϕ′(z) the formal derivative of
ϕ(z).
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Lemma 4.1. If ϕ(z) has no multiple roots, then H3(TotQ··) = 0 for all A-bimodules
M .
Proof. During the proof, we sometimes write a polynomial h(z) as h, for simplicity.
Fix α(z), β(z) ∈ k[z] such that α(z)ϕ(z) + β(z)ϕ′(z) = 1.
Suppose that (m1,m2,m3,m4) is a Per 3-cocycle. Then ∂
21
h (m1,m2)+∂
3
v (m3,m4) =
0 and s2(m1,m2) + ∂
30
h (m3,m4) = 0, that is,
−xm1 + λm2x+ σ(z)m3 −m3z = 0,(4.1)
m1y − λym2 + zm4 −m4σ(z) = 0,(4.2)
−∆(ϕ) ·m1 + ym3 +m4x = 0,(4.3)
−λσ∆σ(ϕ) ·m2 +m3y + xm4 = 0.(4.4)
By induction, we obtain from (4.1), (4.2) that for any j ≥ 1,
σ(z)jm3 −m3z
j = x(∆(zj) ·m1)− λ(
σ∆σ(zj) ·m2)x,
m4σ(z)
j − zjm4 = (∆(z
j) ·m1)y − λy(
σ∆σ(zj) ·m2).
Thus
∆(ϕ) · (m3β) =
l∑
i=1
ai
i∑
j=1
σ(z)i−jm3βz
j−1
=
l∑
i=1
i∑
j=1
ai
(
m3z
i−j + x(∆(zi−j) ·m1)− λ(∆(z
i−j) ·m2)x
)
βzj−1
= m3βϕ
′ +
l∑
i=2
i−1∑
j=1
i−j∑
k=1
ai(xz
i−j−km1z
j+k−2 − λσ(z)i−j−km2σ(z)
j+k−2x)β
= m3βϕ
′ +
l∑
i=2
i−1∑
j=1
i∑
k=j+1
ai(xz
i−km1z
k−2 − λσ(z)i−km2σ(z)
k−2x)β
= m3βϕ
′ +
l∑
i=2
i∑
k=2
k−1∑
j=1
ai(xz
i−km1z
k−2 − λσ(z)i−km2σ(z)
k−2x)β
= m3βϕ
′ +
l∑
i=2
i∑
k=2
(k − 1)ai(xz
i−km1z
k−2 − λσ(z)i−km2σ(z)
k−2x)β
= m3βϕ
′ +
l∑
i=1
i∑
k=1
ai(xz
i−km1(z
k−1)′ − λσ(zi−k)m2σ((z
k−1)′)x)β
= m3βϕ
′ + x(∆D(ϕ) ·m1)β − λ(
σ∆σD(ϕ) ·m2)σ(β)x,
where D = d/dz. Similarly,
(4.5) σ∆σ(ϕ) · (m4σ(β)) = m4σ(βϕ
′)− (∆D(ϕ) ·m1)βy + λy(
σ∆σD(ϕ) ·m2)σ(β).
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Let n1 = −m3β. The first component of s
1(n1, 0) is
m3 −m3αyx+ x(∆
D(ϕ) ·m1)β − λ(
σ∆σD(ϕ) ·m2)σ(β)x
= m3 + x(∆
D(ϕ) ·m1)β − (m3αy + λ(
σ∆σD(ϕ) ·m2)σ(β))x.
Let
n3 = −(∆
D(ϕ) ·m1)β,
n4 = −m3αy − λ(
σ∆σD(ϕ) ·m2)σ(β).
Clearly, the first component of s1(n1, 0)+∂
20
h (n3, n4) equals m3, and the second one
is equal to
(4.6) (∆D(ϕ) ·m1)βy − ym3αy − λy(
σ∆σD(ϕ) ·m2)σ(β).
Next, consider the difference between (m1,m2) and ∂
11
h (n1, 0)+∂
2
v (n3, n4). Notice
that
(4.7) z(∆D(ϕ) ·m)− (∆D(ϕ) ·m)z = ∆(ϕ) ·m−mϕ′
for all m ∈M . It follows that
zn3 − n3z = m1βϕ
′ − (∆(ϕ) ·m1)β,
σ(z)n4 − n4σ(z) = m3αzy − σ(z)m3αy + λm2σ(βϕ
′)− λ(σ∆σ(ϕ) ·m2)σ(β).
So by (4.1)–(4.4),
∂11h (n1, 0) + ∂
2
v (n3, n4)
= (ym3β +m1βϕ
′ − (∆(ϕ) ·m1)β, λ
−1m3βy + λ
−1m3αzy
− λ−1σ(z)m3αy +m2σ(βϕ
′)− (σ∆σ(ϕ) ·m2)σ(β))
= (m1βϕ
′ −m4xβ, −λ
−1σ(z)m3αy + λ
−1m3zαy − λ
−1xm4σ(β)
+m2 −m2xαy)
= (m1βϕ
′ −m4xβ, −λ
−1xm1αy − λ
−1xm4σ(β) +m2)
= (m1,m2)− (m1αyx+m4σ(β)x, λ
−1xm1αy + λ
−1xm4σ(β))
= (m1,m2)− ∂
11
h (0,−λ
−1m1αy − λ
−1m4σ(β)).
Thus by letting n2 = −λ
−1m1αy − λ
−1m4σ(β), we have
(m1,m2) = ∂
11
h (n1, n2) + ∂
2
v (n3, n4).
In order to finish the proof, we show that the second component of s1(n1, n2) plus
(4.6) is equal to m4. In fact, since
∆(ϕ) · (m1αy) = (∆(ϕ) ·m1)αy
= (ym3 +m4x)αy = ym3αy +m4xyσ(α),
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together with (4.5), we have
−λ∆(ϕ) · n2 = ym3αy +m4xyσ(α) +m4σ(βϕ
′)− (∆D(ϕ) ·m1)βy
+ λy(σ∆σD(ϕ) ·m2)σ(β)
= m4 + ym3αy − (∆
D(ϕ) ·m1)βy + λy(
σ∆σD(ϕ) ·m2)σ(β)
= m4 − (4.6).
Therefore, (m1,m2,m3,m4) = ∂
2(n1, n2, n3, n4), namely Ker ∂
3 = Im ∂2, and so
H3(TotQ··) = 0. 
Next, we introduce some algebras related to A. Let B1, B2 be the subalgebras of
A generated by x and z, y and z, respectively. They are given in terms of generators
and relations by
B1 = k〈x, z〉/(xz − λzx− ηz),
B2 = k〈y, z〉/(yz − λ
−1zy + λ−1ηz).
Since both of them are Ore extensions of k[z], by [13], they are twisted Calabi-
Yau algebras, and their individual Nakayama automorphisms ν1, ν2 are given by
ν1(z) = λ
−1z−λ−1η, ν1(x) = b1x, ν2(z) = λz+η, ν2(y) = b2y for some b1, b2 ∈ k[z].
On the other hand, B1 and B2 are endowed with the standard filtrations by
FnB1 =
∑
i+j≤n kz
ixj and FnB2 =
∑
i+j≤n kz
iyj , respectively. Their associated
graded algebras are
grB1 = k〈x, z〉/(xz − λzx),
grB2 = k〈y, z〉/(yz − λ
−1zy),
which are quantum planes with their Nakayama automorphisms
x 7→ λx, z 7→ λ−1z,
y 7→ λ−1y, z 7→ λz.
By [22, Proposition 1.1], ν1, ν2 are filtered automorphisms, and the associated graded
algebra automorphisms gr ν1, gr ν2 coincide with the Nakayama automorphisms of
grB1, grB2, respectively. Consequently, b1 = λ, b2 = λ
−1.
Now extend σ−1 to the automorphism σ1 of B1 by sending x to x, and define the
σ1-derivation δ1 : B1 → B1 by
δ1|B = 0, δ1(x) = ϕ(z)− σ(ϕ(z)).
We obtain an Ore extension B3 = B1[y;σ1, δ1]. Similarly, extend σ to the auto-
morphism σ2 of B2 by sending y to y, and define the σ2-derivation δ2 : B2 → B2
by
δ2|B = 0, δ2(y) = σ(ϕ(z)) − ϕ(z).
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It is easy to check B3 = B2[x;σ2, δ2] and that ω := yx − ϕ(z) is a central regular
element in B3, and A ∼= B3/ωB3.
Applying [13, Theorem 0.2] again, we have
Lemma 4.2. The algebra B3 is twisted Calabi-Yau of dimension 3 whose Nakayama
automorphism ν3 is given by
ν3(x) = λx, ν3(y) = λ
−1y, ν3(z) = z.
In order to compute ExtnAe(A,A
e), we need the following Rees Lemma.
Lemma 4.3 ([17, Theorem 8.34]). Let R, S be two rings, and c ∈ R be a central
element that is neither a unit nor a zero-divisor. Denote R∗ = R/cR. If M is an
R-S-bimodule and c is regular on M , then there is an isomorphism of S-modules
ExtnR∗(L
∗,M/cM) ∼= Extn+1R (L
∗,M)
for every R∗-module L∗ and every n ≥ 0.
Proposition 4.4. There are isomorphisms of Ae-modules
ExtiAe(A,A
e) ∼=
{
0, if i 6= 2,
Aν , if i = 2,
where the algebra automorphism ν is given by
ν(x) = λx, ν(y) = λ−1y, ν(z) = z.
Proof. First of all, since ω is a central regular element in B3 and A ∼= B3/ωB3, there
is a short exact sequence
0→ B3
ω
−→ B3 → A→ 0
of Be3-modules. Applying HomBe3(−, B
e
3) to it, we obtain a long exact sequence
· · · → ExtiBe3(A,B
e
3)→ Ext
i
Be3
(B3, B
e
3)
ω
−→ ExtiBe3(B3, B
e
3)→ Ext
i+1
Be3
(A,Be3)→ · · ·
of Be3-modules.
By Lemma 4.2, the above exact sequence is
· · · → 0→ Ext3Be3(A,B
e
3)→ B
ν3
3
ω
−→ Bν33 → Ext
4
Be3
(A,Be3)→ 0→ · · · .
Since ω is regular and Bν33 /ωB
ν3
3
∼= Aν , there are isomorphisms of Be3-modules
ExtiBe3(A,B
e
3)
∼=
{
0, if i 6= 4,
Aν , if i = 4.
Apply Rees Lemma to the case: R = S = Be3, c = ω⊗1, L
∗ = A, M = Be3. There
are isomorphisms
Exti
A⊗Bop3
(A,A⊗Bop3 )
∼= Exti+1Be3
(A,Be3)
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for all i. Apply Rees Lemma again to the case: R = S = A ⊗ Bop3 , c = 1 ⊗ ω,
L∗ = A, M = A⊗Bop3 . There are isomorphisms
ExtiAe(A,A
e) ∼= Exti+1
A⊗Bop3
(A,A⊗Bop3 )
for all i. Therefore, we have
ExtiAe(A,A
e) ∼=
{
0, if i 6= 2,
Aν , if i = 2.

Together with Lemma 4.1, we have
Theorem 4.5. Let A = k[z;λ, η, ϕ(z)], and ν be as in Proposition 4.4. If ϕ(z)
has no multiple roots, then A is homologically smooth. Moreover, A is ν-twisted
Calabi-Yau of dimension 2.
Quantum 2-spheres are a continuously parametrized family of SUq(2)-spaces that
are analogs of the classical 2-sphere SU(2)/SO(2). They were firstly constructed by
Podles´ [15], and later studied by many other people, see [5], [9], [10], [12], [14], etc.
Quantum 2-spheres are a class of important quantum homogeneous spaces whose
many properties are discovered and are applied in the realms of quantum group,
noncommutative geometry, and mathematical physics.
As a C-algebra, quantum 2-sphere is generated by X, Y , Z, subject to
XZ = q2ZX, ZY = q2Y Z,
Y X = uv + (u− v)Z − Z2, XY = uv + q2(u− v)Z − q4Z2,
where q ∈ R× is not a root of unity, and u, v ∈ R with u + v 6= 0. It is a GWA
C[Z; q2, 0, uv + (u − v)Z − Z2]. It is called standard if (u, v) = (1, 0), which turns
out to be homologically smooth in [12]. The next corollary follows obviously from
Theorem 4.5 since uv+(u− v)Z −Z2 has two distinct roots u, −v, and hence gives
an affirmative reply to [12, Question 2].
Corollary 4.6. The quantum 2-spheres are all homologically smooth.
5. Noncommutative deformations
In this section, assume that A = k[z;λ, η, ϕ(z)] is noncommutative, namely,
(λ, η) 6= (1, 0).
We will study deformations of A. A result of [16] is that A is isomorphic to a
quantum GWA if λ 6= 1. The Hochschild cohomology Hn(A,A) has been computed
in [6] (classical case) and [19] (quantum case) for every n. So essentially, the first
order deformations of A have been known.
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Let us focus on the formal deformations of A. They are controlled by H2(A,A)
and H3(A,A). If one wants to construct a formal deformation, the choice of Fi ∈
C2(A,A) must be made carefully so that all obstructions can be passed. By Lemma
4.1, H3(A,A) = 0 if A is homologically smooth. In this case, every Hochschild 2-
cocycle lifts to a formal deformation. A surprising result in this section is that even
if A is not homologically smooth, we can construct a formal deformation starting
with a special Hochschild 2-cocycle.
Let M be an A-bimodule, m ∈M . Consider the element
f(m) := (λmx,−ym, 0,−λσ∆σ(ϕ) ·m) ∈M⊕4.
It is easy to verify that f(m) is a Per 2-cocycle for any m ∈ M . So we obtain a
map f : M → Z2(TotQ··). Let [A,Mν ] be the space of M spanned by all twisted
commutators bm−mν(b) for all b ∈ A and m ∈ M . A further computation shows
f([A,Mν ]) ⊂ B2(TotQ··), and thus f induces a map H0(A,M
ν) → H2(A,M). In
particular, f is injective when M = A, and so f(A) is a subset of Z2(TotQ··).
Now, B = {zpxq | p ≥ 0, q ∈ Z} is a basis for A, define ||z
pxq|| = p + (l + 1)|q|.
This equips A with a filtration {ΓA} by setting
ΓnA =
∑
b∈B,||b||≤n
kb.
A Hochschild m-cochain F is said to preserve Γ if F (b1, . . . , bm) ∈ Γ
||b1||+···+||bm||A for
all b1 . . . , bm ∈ B.
5.1. Comparisons. When dealing with formal deformations, we will exchange Per
cochains and Hochschild cochains frequently. For this reason, let us construct two
comparisons between the bar resolution Cbar· of A and TotP··
A⊗2
θ0

A⊗3
θ1

b′oo A⊗4
θ2

b′oo A⊗5
θ3

b′oo · · ·
b′oo
P00
θ′0
OO
P01 ⊕P10
θ′1
OO
d1oo P11 ⊕ P20
θ′2
OO
d2oo P21 ⊕ P30
θ′3
OO
d3oo · · · .oo
In order to save space, we write a1|a2| . . . |an instead of a1⊗ a2⊗ · · · ⊗ an. Define
θ0 = θ
′
0 = id, and define θ1, θ
′
1 by
θ1(1|z
ixj|1) =
( i∑
k=1
zi−k|zk−1xj ,
j∑
k=1
zixj−k|xk−1, 0
)
,
θ1(1|z
iyj|1) =
( i∑
k=1
zi−k|zk−1yj , 0,
j∑
k=1
ziyj−k|yk−1
)
,
and
θ′1(1|1, 0, 0) = 1|z|1, θ
′
1(0, 1|1, 0) = 1|x|1, θ
′
1(0, 0, 1|1) = 1|y|1.
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Recall that
d2(1|1, 0, 0, 0) = (−x|1 + λ|x, σ(z)|1 − 1|z, 0),
d2(0, 1|1, 0, 0) = (−y|1 + λ
−1|y, 0, λ−1z|1− λ−1|σ(z)),
d2(0, 0, 1|1, 0) = (−∆(ϕ), y|1, 1|x),
d2(0, 0, 0, 1|1) = (−λ
σ∆σ(ϕ), 1|y, x|1).
By the fact ∆(σq(z)i) = λq
∑i
k=1 σ
q(z)i−k|σq(z)k−1, we have
θ1b
′(1|zpxq|zixj |1)
= θ1(z
pxq|zixj |1)︸ ︷︷ ︸
Part 1
− θ1(1|z
pσq(z)ixq+j|1)︸ ︷︷ ︸
Part 2
+ θ1(1|z
pxq|zixj)︸ ︷︷ ︸
Part 3
and the three parts are
Part 1 =
( i∑
k=1
zpxqzi−k|zk−1xj ,
j∑
k=1
zpxqzixj−k|xk−1, 0
)
,
Part 2 =
( p∑
k=1
zp−k|zk−1σq(z)ixq+j +
i∑
k=1
λqzpσq(z)i−k|σq(z)k−1xq+j,
q+j∑
k=1
zpσ(z)ixq+j−k|xk−1, 0
)
,
Part 3 =
( p∑
k=1
zp−k|zk−1xqzixj ,
q∑
k=1
zpxq−k|xk−1zixj, 0
)
,
respectively. A direct computation shows that the sum is equal to
d2
(
−
i∑
k=1
q∑
s=1
zpσq(z)i−kxq−s|(λx)s−1zk−1xj, 0, 0, 0
)
.
Denote ∆ν(xq) =
∑q
s=1 x
q−s|(λx)s−1 and thus define
θ2(1|z
pxq|zixj |1) =
(
−zp(σ
q
∆(zi) ·∆ν(xq))xj , 0, 0, 0
)
.
Similarly, we define
θ2(1|z
px|ziyj|1) =
(
−zp σ∆(zi)yj , 0, 0, zpσ(zi)|yj−1
)
,
θ2(1|z
py|zixj|1) =
(
0, −zp σ
−1
∆(zi)xj, zpσ−1(zi)|xj−1, 0
)
,
θ2(1|z
pyq|ziyj|1) =
(
0, −zp(σ
−q
∆(zi) ·∆ν(yq))yj , 0, 0
)
,
θ2(1|z
p|zixj|1) = θ2(1|z
p|ziyj |1) = 0
where ∆ν(yq) =
∑q
s=1 y
q−s|(λ−1y)s−1.
The explicit forms of θ2(1|z
pxq|ziyj|1) and θ2(1|z
pyq|zixj |1) for q ≥ 2 can be
obtained by a further (but boring) computation. The following subsection concerns
Hochschild 2-cochains F = f ◦θ2 for some Per 2-cochains. By virtue of the following
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lemma, we do not have to describe F (u, v) for every (u, v) ∈ A×A if F satisfies some
conditions. In particular, the computation of θ2(1|z
pxq|ziyj |1), θ2(1|z
pyq|zixj |1) for
q ≥ 2 is actually avoidable.
Lemma 5.1. Let A = k[z;λ, η, ϕ(z)], and F : A×A→ A be a Hochschild 2-cochain.
Suppose for any u, v ∈ A,
(a) F (u, 1) = F (1, v) = 0,
(b) F (zu, v) = zF (u, v), and F (xq, xj) = F (yq, yj) = 0 for all q, j.
Then F is uniquely determined by the following datum:
bF, F (x, z), F (x, y), F (y, z), F (y, x).
If further, bF preserves Γ, F (x, z), F (y, z) ∈ Γl+2A and F (x, y), F (y, x) ∈ Γ2l+2A,
then F preserves Γ.
Proof. By the definition of bF , we have
bF (x, z, zi−1) = xF (z, zi−1)− F (xz, zi−1) + F (x, zi)− F (x, z)zi−1
= F (x, zi)− σ(z)F (x, zi−1)− F (x, z)zi−1,(5.1)
bF (x, y, yj−1) = xF (y, yj−1)− F (xy, yj−1) + F (x, yj)− F (x, y)yj−1
= F (x, yj)− F (x, y)yj−1,(5.2)
bF (x, zi, yj) = xF (zi, yj)− F (xzi, yj) + F (x, ziyj)− F (x, zi)yj
= F (x, ziyj)− σ(z)iF (x, yj)− F (x, zi)yj(5.3)
bF (x, zi, xj) = xF (zi, xj)− F (xzi, xj) + F (x, zixj)− F (x, zi)xj
= F (x, zixj)− F (x, zi)xj.(5.4)
Since (5.1) is a recursive formula for F (x, zi), it determines F (x, zi). The value of
F (x, yj) is immediately from (5.2). Then by (5.3), (5.4), F (x, zixj), F (x, ziyj) are
also determined.
For F (xq, zixj), we just consider bF (xq−1, x, zixj). For F (xq, ziyj), if j ≥ 1, then
F (xq, ziyj) = F (xq−1, σ(z)iσ(ϕ)yj−1) + xq−1F (x, ziyj)− bF (xq−1, x, ziyj).
So it reduces to determine F (xq−1, ziyj−1). This can be achieved by induction on q.
Since F (zu, v) = zF (u, v), all the values of F (zpxq, zixj), F (zpxq, ziyj) are uniquely
determined, and similar for F (zpyq, zixj), F (zpyq, ziyj).
The last claim is contained in the above argument. 
Remark 5.2. If bF = 0, then by the above proof, the first equation of (b) holds for
all u, v ∈ A if it holds for u ∈ {x, y, z}, v ∈ A.
The morphisms θ′2, θ
′
3 are listed as follows.
θ′2(1|1, 0, 0, 0) = λ|z|x|1 − 1|x|z|1
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θ′2(0, 1|1, 0, 0) = λ
−1|z|y|1− 1|y|z|1,
θ′2(0, 0, 1|1, 0) = 1|y|x|1 + 1|1|1|ϕ(z) −
l∑
i=1
i∑
j=1
ai|z
i−j |z|zj−1,
θ′2(0, 0, 0, 1|1) = 1|x|y|1 + 1|1|1|σ(ϕ(z)) −
l∑
i=1
i∑
j=1
ai|σ(z)
i−j |λz|σ(z)j−1,
θ′3(1|1, 0, 0, 0) = 1|z|y|x|1 − λ|y|z|x|1 + 1|y|x|z|1 + 1|z|1|1|ϕ(z)
+ 1|1|1|z|ϕ(z) −
l∑
i=1
i∑
j=1
ai|z|z
i−j |z|zj−1,
θ′3(0, 1|1, 0, 0) = 1|z|x|y|1 − λ
−1|x|z|y|1 + 1|x|y|z|1 + 1|z|1|1|σ(ϕ(z))
+ 1|1|1|z|σ(ϕ(z)) −
l∑
i=1
i∑
j=1
ai|z|σ(z)
i−j |λz|σ(z)j−1,
θ′3(0, 0, 1|1, 0) = 1|x|y|x|1 −
l∑
i=1
i∑
j=1
(
ai|x|z
i−j |z|zj−1 − ai|σ(z)
i−j |x|z|zj−1
+ ai|σ(z)
i−j |λz|x|zj−1
)
+ 1|x|1|1|ϕ(z) + 1|1|1|x|ϕ(z),
θ′3(0, 0, 0, 1|1) = 1|y|x|y|1 −
l∑
i=1
i∑
j=1
(
ai|y|σ(z)
i−j |λz|σ(z)j−1
− ai|z
i−j |y|λz|σ(z)j−1 + ai|z
i−j |z|y|σ(z)j−1
)
.
Higher θi, θ
′
i can be found inductively; the above is as much as we will need in
the following.
5.2. Deformations of GWAs (I). From now on, k is of characteristic zero. Denote
ϕ¯(z) = σ(ϕ(z)). Let A = k[z;λ, 0, ϕ(z)] and we will construct a formal deformation
starting with the Per 2-cocycle f(z).
Let F1 be the Hochschild 2-cocycle corresponding to f(z). By the map θ2 defined
in the previous subsection, we have
F1(z
pxq, zixj) = −λzp(∆ν(xq) · z)x(zi)′xj ,
F1(z
px, ziyj) = −λzp+1x(zi)′yj − zp+1ϕ¯′(z)(λz)iyj−1,
F1(z
py, zixj) = zpyz(zi)′xj,
F1(z
pyq, ziyj) = zpy(∆ν(yq) · z)(zi)′yj .
By Remark 5.2, F1 satisfies the conditions (a), (b) in Lemma 5.1 and so F1 is
uniquely determined by these equations. Also, F1 preserves Γ. The fact F1 satisfies
the condition (a) is equivalent to that the identity of the first order deformation is
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1A. It is reasonable to require that the undetermined maps F2, F3, . . . also satisfy
the condition (a).
Identify F1 • F1 with a homomorphism in HomAe(A
⊗5, A). By the definition of
θ′3, the map (F1 • F1) ◦ θ
′
3 corresponds to the Per 3-cocycle(
zyx, zxy, −
1
2
z2ϕ¯′′(z)x, yzϕ¯′(z) +
1
2
yz2ϕ¯′′(z)
)
.
It is a Per 3-coboundary, and one of its preimages under ∂2 is(
0, −yz, 0,
1
2
z2ϕ¯′′(z)
)
which corresponds to an Ae-module homomorphism f2 : P11⊕P20 → A. Let us give
a k-bilinear map F2 : A× A → A lifting f2, that is, f2 = F2 ◦ θ
′
2. Since F2 satisfies
the condition (a), we obtain a system of equations
(5.5)


λF2(z, x) − F2(x, z) = 0
λ−1F2(z, y)− F2(y, z) = −yz
F2(y, x) −
l∑
i=1
i∑
j=1
aiF2(z
i−j , z)zj−1 = 0
F2(x, y) −
l∑
i=1
i∑
j=1
aiλ
iF2(z
i−j , z)zj−1 =
1
2
z2ϕ¯′′(z).
Among the solutions, the only one also satisfying the condition (b) in Lemma 5.1 is
given by
F2(x, z) = 0, F2(y, z) = yz,
F2(x, y) =
1
2
z2ϕ¯′′(z), F2(y, x) = 0.
These equations, together with F1 •F1 = bF2, determine the map F2 by Lemma 5.1.
What is more, the fact F1 preserves Γ implies that bF2, and hence F2, both preserve
Γ. According to the proof of Lemma 5.1, we have
F2(x, yz) = z
2ϕ¯′(z) +
1
2
z3ϕ¯′′(z), F2(y, xz) = zyx,
F2(x, h(z)) =
1
2
xz2h′′(z), F2(y, h(z)) =
1
2
yz(zh(z))′′.
Next consider the map F1 • F2 +F2 • F1 and continue the procedure successively.
Theorem 5.3. Let A = k[z;λ, 0, ϕ(z)] and F1 correspond to f(z). There exist
uniquely a family of k-bilinear maps Fn : A × A → A, n ≥ 2 integrating F1 that
satisfy the conditions (a), (b) in Lemma 5.1 and are determined by
Fn(x, z) = 0, Fn(y, z) = yz,
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Fn(x, y) =
(−1)n
n!
znϕ¯(n)(z), Fn(y, x) = 0.
Moreover, they preserve Γ.
Proof. The uniqueness of Fn follows from Lemma 5.1 whenever Fn exists. Let us
prove by induction the existence and that the equations
Fn(x, yz) =
(−1)n
(n− 1)!
znϕ¯(n−1)(z) +
(−1)n
n!
zn+1ϕ¯(n)(z),(5.6)
Fn(y, xz) = zyx,(5.7)
Fn(x, h(z)) =
(−1)n
n!
xznh(n)(z),(5.8)
Fn(y, h(z)) =
1
n!
yz(zn−1h(z))(n)(5.9)
are fulfilled.
Assume n ≥ 3 and F2, F3, . . . , Fn−1 exist. Suppose that θ
′
3 followed by
F1 • Fn−1 + F2 • Fn−2 + · · ·+ Fn−1 • F1,
corresponds the Per 3-cocycle (S1, S2, S3, S4). We have
S1 =
n−1∑
i=1
(
−λFi • Fn−i(y, z, x) + Fi • Fn−i(y, x, z)
)
= zyx,
S2 =
n−1∑
i=1
(
−λ−1Fi • Fn−i(x, z, y) + Fi • Fn−i(x, y, z)
)
= zxy,
S3 =
n−1∑
i=1
(
Fi • Fn−i(x, y, x)−
l∑
j=1
j∑
k=1
ajFi • Fn−i(x, z
j−k, z)zk−1
)
=
n−1∑
i=1
(
Fi(Fn−i(x, y), x) −
l∑
j=1
j∑
k=1
ajFi(Fn−i(x, z
j−k), z)zk−1
)
= −
n−1∑
i=1
l∑
j=1
j∑
k=1
ajFi
(
(−1)n−i
(n− i)!
xzn−i(zj−k)(n−i), z
)
zk−1
= −
l∑
j=1
j∑
k=1
ajF1
(
(−1)n−1
(
j − k
n− 1
)
xzj−k, z
)
zk−1
=
l∑
j=1
j∑
k=1
aj(−1)
n−1
(
j − k
n− 1
)
(λz)jx
=
l∑
j=1
aj(−1)
n−1
(
j
n
)
(λz)jx
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=
(−1)n−1
n!
znϕ¯(n)(z)x.
For S4, the computation is more complicated. We have
S4 =
n−1∑
i=1
(
Fi • Fn−i(y, x, y) −
l∑
j=1
j∑
k=1
ajFi • Fn−i(y, (λz)
j−k, λz)(λz)k−1
)
=
n−1∑
i=1
(
−Fi(y, Fn−i(x, y))−
l∑
j=1
j∑
k=1
ajλ
jFi(Fn−i(y, z
j−k), z)zk−1
)
=
n−1∑
i=1
Fi
(
−y,
(−1)n−i
(n− i)!
zn−iϕ¯(n−i)(z)
)
−
n−1∑
i=1
l∑
j=1
j∑
k=1
ajλ
jFi
(
1
(n − i)!
yz(zn−i+j−k−1)(n−i), z
)
zk−1
= −
n−1∑
i=1
1
i!
yz
(
(−1)n−i
(n− i)!
zn−1ϕ¯(n−i)(z)
)(i)
−
n−1∑
i=1
l∑
j=1
j∑
k=1
ajλ
k
(
n− i+ j − k − 1
n− i
)
zj−kFi(y, z)z
k−1
= −
n−1∑
i=1
(−1)n−i
i!(n− i)!
yz(zn−1ϕ¯(n−i)(z))(i)
−
n−1∑
i=1
l∑
j=1
j∑
k=1
ajλ
j
(
n− i+ j − k − 1
n− i
)
yzj
=
(−1)n
n!
yznϕ¯(n)(z)− S′4 − S
′′
4 ,
where
S′4 =
n−1∑
i=0
(−1)n−i
i!(n − i)!
yz(zn−1ϕ¯(n−i)(z))(i)
=
n−1∑
i=0
i∑
k=0
(−1)n−i
i!(n − i)!
(
i
k
)
yz(zn−1)(k)ϕ¯(n−k)(z)
=
n−1∑
k=0
n−1∑
i=k
(−1)n−i
i!(n− i)!
(
i
k
)
yz(zn−1)(k)ϕ¯(n−k)(z)
=
n−1∑
k=0
n−k−1∑
i=0
(−1)n−i−k
(i+ k)!(n − i− k)!
(
i+ k
k
)
yz(zn−1)(k)ϕ¯(n−k)(z)
=
n−1∑
k=0
n−k−1∑
i=0
(−1)i
(
n− k
i
)
(−1)n−k
(n− k)!
(
n− 1
k
)
yzn−kϕ¯(n−k)(z)
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= −
n−1∑
k=0
1
(n− k)!
(
n− 1
k
)
yzn−kϕ¯(n−k)(z)
= −
1
n!
yz
n−1∑
k=0
(
n
k
)
(zn−1)(k)ϕ¯(n−k)(z)
= −
1
n!
yz(zn−1ϕ¯(z))(n),
and
S′′4 =
n−1∑
i=1
l∑
j=1
j∑
k=1
ajλ
j
(
n− i+ j − k − 1
n− i
)
yzj
=
n−1∑
i=1
l∑
j=1
ajλ
j
(
n− i+ j − 1
n− i+ 1
)
yzj
=
n−1∑
i=1
l∑
j=1
ajλ
j
(
n− i+ j − 1
j − 2
)
yzj
=
l∑
j=1
ajλ
j
((
n+ j − 1
j − 1
)
− j
)
yzj
=
l∑
j=1
ajλ
j
(
n+ j − 1
n
)
yzj −
l∑
j=1
ajλ
jjyzj
=
1
n!
yz(zn−1ϕ¯(z))(n) − yzϕ¯′(z).
Thus
S4 = yzϕ¯
′(z) +
(−1)n
n!
yznϕ¯(n)(z).
Choose a preimage of (S1, S2, S3, S4) to be(
0, −yz, 0,
(−1)n
n!
znϕ¯(n)(z)
)
,
and then establish a system of equations similar to (5.5), whose solution satisfying
the conditions (a), (b) in Lemma 5.1 is
Fn(x, z) = 0, Fn(y, z) = yz,
Fn(x, y) =
(−1)n
n!
znϕ¯(n)(z), Fn(y, x) = 0.
By (2.3) and the induction hypotheses, bFn preserves Γ. Henceforth we deduce from
the above equations that Fn also preserves Γ.
Finally, let us verify the equalities (5.6)–(5.9). On one hand,
n−1∑
i=1
Fi • Fn−i(x, y, z) =
n−1∑
i=1
Fi(Fn−i(x, y), z) −
n−1∑
i=1
Fi(x, Fn−i(y, z))
HOMOLOGICAL SMOOTHNESS OF GENERALIZED WEYL ALGEBRAS 27
=
n−1∑
i=1
Fi
(
(−1)n−i
(n− i)!
zn−iϕ¯(n−i)(z), z
)
−
n−1∑
i=1
Fi(x, yz)
=
n−1∑
i=1
(−1)i−1
(i− 1)!
ziϕ¯(i−1)(z) −
n−1∑
i=1
(−1)i
i!
zi+1ϕ¯(i)(z)
= zϕ¯(z)−
(−1)n−1
(n− 1)!
znϕ¯(n−1)(z)
= zxy +
(−1)n
(n− 1)!
znϕ¯(n−1)(z).
On the other hand, bFn =
∑n−1
i=1 Fi • Fn−i, so
n−1∑
i=1
Fi • Fn−i(x, y, z) = xFn(y, z)− Fn(xy, z) + Fn(x, yz) − Fn(x, y)z
= xyz + Fn(x, yz)−
(−1)n
n!
znϕ¯(n)(z)z.
It follows that
Fn(x, yz) =
(−1)n
(n− 1)!
znϕ¯(n−1)(z) +
(−1)n
n!
zn+1ϕ¯(n)(z),
namely, (5.6) holds.
For (5.8), by computing
∑n−1
i=1 Fi • Fn−i(x, z
r−1, z) and bFn(x, z
r−1, z), one has
n−1∑
i=1
Fi • Fn−i(x, z
r−1, z) =
n−1∑
i=1
Fi(Fn−i(x, z
r−1), z)
=
n−1∑
i=1
Fi
(
(−1)n−i
(n− i)!
xzn−i(zr−1)(n−i), z
)
= −
(−1)n−1
(n− 1)!
xzn(zr−1)(n−1)
= (−1)n
(
r − 1
n− 1
)
xzr,
bFn(x, z
r−1, z) = xFn(z
r−1, z)− Fn(xz
r−1, z) + Fn(x, z
r)− Fn(x, z
r−1)z
= Fn(x, z
r)− Fn(x, z
r−1)z.
Thus
Fn(x, z
r) = Fn(x, z
r−1)z + (−1)n
(
r − 1
n− 1
)
xzr
= Fn(x, z
r−2)z2 + (−1)n
(
r − 2
n− 1
)
xzr + (−1)n
(
r − 1
n− 1
)
xzr
...
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= (−1)n
((
1
n− 1
)
+
(
2
n− 1
)
+ · · ·+
(
r − 1
n− 1
))
xzr
= (−1)n
(
r
n
)
xzr
=
(−1)n
n!
xzn(zr)(n)
and so
Fn(x, h(z)) =
(−1)n
n!
xznh(n)(z).
Similarly, (5.7) and (5.9) can be proved. 
Henceforth, we obtain a formal deformation (A[[τ ]], ∗) of A. The multiplication
on generators is given by
z ∗ x = zx, z ∗ y = zy, x ∗ x = x2, y ∗ y = y2,
z ∗ z = z2, x ∗ z = xz − τxz, y ∗ z =
∞∑
n=0
τnyz,
x ∗ y = xy +
∞∑
n=1
(−1)n
n!
τnznϕ¯(n)(z), y ∗ x = yx = ϕ(z).
Since every Fn preserves Γ and dimk Γ
mA < ∞ for all m, ∗ is locally finite. This
fact gives rise to a subalgebra A˜ of A[[t]], in terms of generators and relations,
A˜ = k[[τ ]]〈x, y, z〉/(f1 , f2, f3, f4) where
f1 := xz + τλzx− λzx = xz − (1− τ)λzx,
f2 := yz −
∞∑
n=1
τnλ−1zy − λ−1zy = yz − (1− τ)−1λ−1zy,
f3 := xy −
∞∑
n=1
(−1)n
n!
τnznϕ¯(n)(z)− ϕ¯(z) = xy − ϕ¯(z − τz),
f4 := yx− ϕ(z).
The locally finite deformation A˜τ is a quantum GWA k((τ))[z; (1 − τ)λ, 0, ϕ(z)].
Now let us consider the classical case A = k[z; 1, η, ϕ(z)]. Let F1 be the Hochschild
2-cocycle corresponding to f(1). Thus
F1(x, z) = −x, F1(y, z) = y, F1(z, x) = 0,
F1(x, y) = −ϕ¯
′(z), F1(y, x) = 0, F1(z, y) = 0.
By a similar (and easier) argument with Theorem 5.3, we have
Theorem 5.4. Let A = k[z; 1, η, ϕ(z)] and F1 correspond to f(1). There exist
uniquely a family of k-bilinear maps Fn : A × A → A, n ≥ 2 integrating F1 that
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satisfy the conditions (a), (b) in Lemma 5.1 and are determined by
Fn(x, z) = 0, Fn(y, z) = 0,
Fn(x, y) =
(−1)n
n!
ϕ¯(n)(z), Fn(y, x) = 0.
Moreover, they preserve Γ.
Like the quantum case, we obtain a formal deformation (A[[τ ]], ∗), as well as a
locally finite deformation A˜τ = k((τ))〈x, y, z〉/(f1 , f2, f3, f4) where
f1 := xz + τx− (z + η)x = xz − (z + η − τ)x,
f2 := yz − τy − (z − η)y = yz − (z − η + τ)y,
f3 := xy −
∞∑
n=1
(−1)n
n!
τnϕ¯(n)(z) − ϕ¯(z) = xy − ϕ¯(z − τ),
f4 := yx− ϕ(z).
Obviously, A˜τ is a classical GWA k((τ))[z; 1, η − τ, ϕ(z)].
Summarizing both cases,
(1) A˜τ is a noncommutative GWA over the field k((τ)),
(2) A˜τ is homologically smooth if and only if A is also,
(3) A˜τ is quantum (resp. classical) if A is quantum (resp. classical).
5.3. Deformations of GWAs (II). In the foregoing subsection, we studied defor-
mations of noncommutative GWAs. We ask the opposite question: Can we obtain
a noncommutative GWA by deforming a commutative algebra? In this subsection
we will give a positive answer under an assumption of the field k.
Let us first give a brief review of T.J. Hodges’s result [11]: When degϕ(z) ≥ 2,
A = k[z; 1, 1, ϕ(z)] can be viewed as a deformation of type-A Kleinian singularity.
Recall ϕ(z) = alz
l + · · · a1z + a0, al 6= 0. Equip A with a filtration by
FnA =
∑
2i+lj≤n
kzixj +
∑
2i+lj≤n
kziyj
and the associated graded algebra is
grA = k[x, y, z]/(xy − alz
l).
Since l ≥ 2, after a suitable linear transformation, grA is isomorphic to the coordi-
nate algebra of the type-Al−1 Kleinian singularity x
2 + y2 + zl.
Remark 5.5. We mention in passing that bimodule projective resolutions of the
coordinate algebras of type-A Kleinian singularities, or more generally, a class of
algebras S = k[x, y, z]/(xm + yn + zl), m, n, l ≥ 2, can be constructed using
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homotopy double complexes. Let R = k[x, y] and ds = s ⊗ 1− 1⊗ s. By the exact
complexes
· · · → S ⊗R S
∆(zl)
−−−→ S ⊗R S
dz
−→ S ⊗R S
∆(zl)
−−−→ S ⊗R S
dz
−→ S ⊗R S → S → 0,
(5.10)
0→ S ⊗ S
( dy
−dx)
−−−→ (S ⊗ S)2
(dx dy)
−−−−→ S ⊗ S → S ⊗R S → 0,(5.11)
we construct a homotopy double complex
· · · // S ⊗ S

// S ⊗ S

// S ⊗ S

// S ⊗ S

// S ⊗ S

· · · // (S ⊗ S)2

//
❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤❤
(S ⊗ S)2

//
❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤❤
(S ⊗ S)2

//
❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤❤
(S ⊗ S)2

// (S ⊗ S)2

· · · // S ⊗ S //
❤❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤
S ⊗ S //
❤❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤
S ⊗ S //
❤❤❤❤❤❤❤❤❤❤❤
33❤❤❤❤❤❤❤❤❤❤
S ⊗ S // S ⊗ S
where the horizontal maps are induce by the differentials of (5.10), the vertical
maps are the differentials of (5.11), the lower slanted maps are given by
(−∆(xm)
−∆(yn)
)
,
the upper ones by (−∆(yn),∆(xm)).
Now let us image a noncommutative algebra as the coordinate algebra of a “non-
commutative variety”, and identify the homological (non)smoothness of the former
with the (non)smoothness of the latter. Kleinian singularities are nonsmooth in the
classical sense; but the algebra A is homologically smooth provided that ϕ(z) has
no multiple roots, by Lemma 4.1. Hence following Hodges’s point of view, a homo-
logically smooth A is understood as a noncommutative resolution of singularity.
Here we give another sort of deformation such that the (non)smoothness is re-
tained by deformation. We put forward a technical assumption on the field k (the
idea is motivated by [20]). Let t be equal to λ− 1 if A is a quantum GWA, or η if
A is a classical GWA.
Assumption (A): There exists an intermediate field Q ⊂ k0 ⊂ k such that (i)
k0 contains al and all roots of ϕ(z), (ii) t is a transcendental element over k0, (iii)
k = k0((t)).
Under Assumption (A), consider the k0[[t]]-algebra A˜ whose generators are x,
y, z, subject to yx = ϕ(z) as well as
[x, z] = tzx, [z, y] = tyz,
[x, y] = ϕ(z + tz)− ϕ(z) = tzϕ′(z) +O(t2),
or
[x, z] = tx, [z, y] = ty,
[x, y] = ϕ(z + t)− ϕ(z) = tϕ′(z) +O(t2),
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depending on whether A is quantum or classical. Since ϕ(z) ∈ k0[z], by [8, §1] there
exists a formal deformation ∗ of
A := A˜/tA˜ ∼= k0[x, y, z]/(yx − ϕ(z))
such that (A[[t]], ∗) is isomorphic to the t-adic completion of A˜ and ∗ results in a
locally finite deformation which is isomorphic to A.
Note that A is a commutative GWA. By Jacobian criterion, A is smooth if and
only if ϕ(z) has no multiple roots, and hence if and only if A is homologically smooth.
Under Assumption (A), the k((τ))-algebra A˜τ in subsection 5.2 can be regarded
as “deformation of deformation” of A.
5.4. Van den Bergh duality. Let A be homologically smooth, M an A-bimodule
and let TotQ··, α(z), β(z) be as in Sect. 4. Suppose that (m1,m2,m3,m4) ∈ M
⊕4
is any Per 2-cocycle, then
∂11h (m1,m2) + ∂
2
v(m3,m4) = 0,
s1(m1,m2) + ∂
20
h (m3,m4) = 0.
It follows that
−ym1 − λm2x+ zm3 −m3z = 0,(5.12)
−m1y − λxm2 + σ(z)m4 −m4σ(z) = 0,(5.13)
−σ∆(ϕ) ·m1 + xm3 −m4x = 0,(5.14)
−λ∆σ(ϕ) ·m2 −m3y + ym4 = 0.(5.15)
By induction, we obtain from (5.12), (5.13) that for any j ≥ 1,
zjm3 −m3z
j = y(σ∆(zj) ·m1) + λ(∆
σ(zj) ·m2)x,
σ(z)jm4 −m4σ(z)
j = (σ∆(zj) ·m1)y + λx(∆
σ(zj) ·m2).
Thus
∆(ϕ) · (m3β) = m3βϕ
′ + y(σ∆D(ϕ) ·m1)β + λ(∆
σD(ϕ) ·m2)σ(β)x,(5.16)
σ∆σ(ϕ) · (m4σ(β)) = m4σ(βϕ
′) + (σ∆D(ϕ) ·m1)βy + λx(∆
σD(ϕ) ·m2)σ(β).
(5.17)
Let n1 = −m3β ∈M . Then by (5.16) the first component of s
0(n1) is
m3 −m3αyx+ y(
σ∆D(ϕ) ·m1)β + λ(∆
σD(ϕ) ·m2)σ(β)x
= m3 + y(
σ∆D(ϕ) ·m1)β − (m3αy − λ(∆
σD(ϕ) ·m2)σ(β))x.
Denote n3 = −(
σ∆D(ϕ) · m1)β and n4 = m3αy − λ(∆
σD(ϕ) · m2)σ(β). The first
component of s0(n1) + ∂
10
h (n3, n4) is m3.
Next we will compute ∂01h (n1) + ∂
1
v(n3, n4). By (4.7), we have
σ(z)n3 − n3z = m1βϕ
′ − (σ∆(ϕ) ·m1)β,
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zn4 − n4σ(z) = zm3αy −m3αyσ(z) + λm2σ(βϕ
′)− λ(∆σ(ϕ) ·m2)σ(β).
So by (5.12)–(5.15),
∂01h (n1) + ∂
10
v (n3, n4)
= (xm3β − λm3βx+m1βϕ
′ − (σ∆(ϕ) ·m1)β, ym3β − λ
−1m3βy
+ λ−1zm3αy − λ
−1m3zαy +m2σ(βϕ
′)− (∆σ(ϕ) ·m2)σ(β))
= (m1βϕ
′ +m4xβ − λm3βx, ym3β − λ
−1ym4σ(β) + λ
−1zm3αy
− λ−1m3zαy +m2 −m2xαy)
= (m1βϕ
′ +m4xβ − λm3βx, ym3β − λ
−1ym4σ(β) + λ
−1ym1αy +m2)
= (m1, m2)− (m1αyx+ λm3βx−m4σ(β)x, −λ
−1ym1αy − ym3β
+ λ−1ym4σ(β)).
Denote n2 = λ
−1m1αy +m3β − λ
−1m4σ(β). Then
(m1,m2) = ∂
01
h (n1) + ∂
1
v (n3, n4) + (λn2x,−yn2).
Finally, let us compute (m3,m4)− s
0(n1)− ∂
10
h (n3, n4). To the end, it suffices to
consider the second component. By (5.14), (5.17),
m4 + λ
σ∆σ(ϕ) · n1 − n3y − xn4
= m4 − λ
σ∆σ(ϕ) · (m3β) + (
σ∆D(ϕ) ·m1)βy − xm3αy
+ λx(∆σD(ϕ) ·m2)σ(β)
= m4 −
σ∆σ(ϕ) · (λn2 −m1αy +m4σ(β)) + (
σ∆D(ϕ) ·m1)βy
− xm3αy + λx(∆
σD(ϕ) ·m2)σ(β)
= m4 − λ
σ∆σ(ϕ) · n2 + (
σ∆(ϕ) ·m1)αy −m4σ(βϕ
′)− xm3αy
= m4σ(α)xy − λ
σ∆σ(ϕ) · n2 −m4xαy
= −λσ∆σ(ϕ) · n2,
so (m3,m4) = s
0(n1) + ∂
10
h (n3, n4) + (0,−λ
σ∆σ(ϕ) · n2). It follows that
(m1,m2,m3,m4) = ∂
1(n1, n3, n4) + (λn2x,−yn2, 0,−λ
σ∆σ(ϕ) · n2)
= ∂1(n1, n3, n4) + f(n2)
where f is the map defined at the beginning of this section.
Define g : Ker ∂2 →M by
g(m1,m2,m3,m4) = λ
−1m1αy +m3β(z)− λ
−1m4σ(β(z)).
Lemma 5.6. If A is homologically smooth, then we have
(1) g(Im ∂1) ⊂ [A,Mν ],
(2) fg − id ⊂ Im∂1,
(3) gf − id ⊂ [A,Mν ].
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Proof. (2) follows from the definitions of f and g, (3) is easy to check. For (1), the
first, third, fourth components of ∂1(m1,m2,m3) are −xm1+λm1x+σ(z)m2−m2z,
−∆(ϕ) ·m1 + ym2 +m3x, −λ
σ∆σ(ϕ) ·m1 +m2y + xm3, respectively. Thus
g(∂1(m1,m2,m3))
= λ−1(−xm1 + λm1x+ σ(z)m2 −m2z)αy + (−∆(ϕ) ·m1 + ym2
+m3x)β − λ
−1(−λσ∆σ(ϕ) ·m1 +m2y + xm3)σ(β)
= −λ−1xm1α(z)y +m1xαy + zm2αy −m2αyz − (∆(ϕ) ·m1)β
+ ym2β +m3xβ + (
σ∆σ(ϕ) ·m1)σ(β)− λ
−1m2βy − λ
−1xm3σ(β)
= [x,−λ−1m1αy]−m1αyx+m1xαy + [z,m2αy]− (∆(ϕ) ·m1)β
+ [y,m2β] + (
σ∆σ(ϕ) ·m1)σ(β) − [x, λ
−1m3σ(β)]
= [x,−λ−1m1αy] + [z,m2αy]− [z, (∆
D(ϕ) ·m1)β] + [y,m2β]
+ [z, λ(σ∆σD(ϕ) ·m1)σ(β)] − [x, λ
−1m3σ(β)]
∈ [A,Mν ].

Proposition 5.7. Let H(f) : H0(A,M
ν) → H2(A,M) be induced by f : M →
Ker ∂2.
(1) H(f) is an isomorphism if A is homologically smooth, whose inverse is in-
duced by g.
(2) When M = A, H(f) is injective if A is quantum with λ not a root of unity.
(3) When M = A, H(f) is bijective if A is classical.
Proof. (1) follows from the previous lemma. When l ≥ 1, (2), (3) are implicit con-
clusions of [19] and [6] respectively. When l = 0, by Theorem 4.5, A is homologically
smooth. Thus (2), (3) hold by (1). 
Recall the Per 2-cocycles f(z) and f(1) used in subsection 5.2. They may give
rise to the trivial deformations if they represent zero in H2(A,A). By Proposition
5.7, it suffices to consider if z and 1 are zero in H0(A,A
ν) = A/[A,Aν ].
For any b ∈ A, denote by JbK the homology class presented by b in A/[A,Aν ].
Consider the quantum case: A = k[z;λ, 0, ϕ(z)]. Let e be the order of λ if λ is a
root of unity, or zero otherwise. Enlarge k if necessary, assume that k contains all
roots z1, . . . , zl of ϕ(z). Denote by V (z1, . . . , zl) the following Vandermonde Matrix
indexed by Z+ 

1 z1 z
2
1 z
3
1 · · ·
1 z2 z
2
2 z
3
2 · · ·
...
...
...
...
. . .
1 zl z
2
l z
3
l · · ·


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Let Vλ(z1, . . . , zl) be the sub-matrix obtained by picking the (ke− e+ 2)nd column
of V (z1, . . . , zl) as the kth column for all k ∈ Z
+. Then we have
Vλ(z1, . . . , zl) = diag(z1, . . . , zl)V (z
e
1, . . . , z
e
l ),
whose rank is denote by R. By convention, let R = 0 if l = 0.
For any i, j > 0, JxjK = Jxj−1ν(x)K = λJxjK, JzixjK = Jzi−1xjzK = λjJzixjK, and
JzixjK = λ−1Jxzixj−1K = λi−1JzixjK. So JzixjK 6= 0 if i ∈ eN + 1, j ∈ eN. An
analogous discussion holds for JziyjK.
It follows from JyxznK = λ−1JxznyK = λn−1JxyznK that
l∑
i=0
ai(1− λ
i+n−1)Jzi+nK = 0.
Let Sn = (1 − λ
n−1)JznK. Then {Sn}n∈N is a linear recursive sequence, and so we
have
(5.18) (S0, S1, . . .) = (T0, . . . , Tl−1)V (z1, . . . , zl)
for some Ti ∈ A/[A,A
ν ]. Since Ske+1 = 0 for all k ≥ 0, it follows from (5.18) that
(T0, T1, . . . , Tl−1)Vλ(z1, . . . , zl) = 0.
Observe that R = #{t ∈ k× | t = zei for some 1 ≤ i ≤ l}. By rearranging the
order of the roots if necessary, we may assume that z1 = · · · = zp = 0 if ϕ(z)
has 0 as a root of multiplicity p, and that zel−R+1, . . . , z
e
l−1, z
e
l are distinct nonzero
numbers. In this way, {T0, . . . , Tl−R−1} is a maximal linearly independent subset of
{T0, . . . , Tl−1}.
Define ξ : Z+ → N by ξ(1) = 0 and
ξ(k(e − 1) + c) = ke+ c for all k ≥ 0 and 2 ≤ c ≤ e, if e ≥ 2,
ξ(n) = n for all n ≥ 2, if e = 0.
Then by (5.18), {Sξ(1), . . . , Sξ(l−R)} is a maximal linearly independent subset of
{S0, S1, . . .}. Consequently,
A/[A,Aν ] =
l−R⊕
i=1
kJzξ(i)K⊕
⊕
j∈eN
⊕
k∈eZ
kJzj+1xkK,
and so JzK 6= 0, independently of λ and ϕ(z).
Next we consider the classical case: A = k[z; 1, η, ϕ(z)]. Since ν = id, the quotient
A/[A,Aν ] is H0(A,A). By [6],
(5.19) H0(A,A) =


0, if l = 0, 1,
l−2⊕
i=0
kJziK, if l ≥ 2.
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So J1K 6= 0 if and only if degϕ(z) ≥ 2.
Remark 5.8. Although [6] excludes the case l = 0, the fact H0(A,A) = 0 stays valid
in this case.
Let us close the section by a proposition which claims that the formal deformations
(A[[τ ]], ∗) constructed in subsection 5.2 are not equivalent to the trivial one in most
cases.
Proposition 5.9. Let A1, A2 be the algebras (A[[τ ]], ∗) given by Theorems 5.3 and
5.4 respectively. Let A3 = (A[[τ ]], ∗tr). We have A1 ≇f A3 for any λ, ϕ(z), and
A2 ≇f A3 if and only if degϕ(z) ≥ 2.
Proof. When A is classical and degϕ(z) < 2, we haveH2(A,A) = 0. By [8, Theorem,
§5], every formal deformation of A is equivalent to the trivial one, i.e., A2 ∼=f A3.
By the computation of H0(A,A
ν) and Proposition 5.7, we have A1 ≇f A3 if λ is
not a root of unity, and A2 ≇f A3 if degϕ(z) ≥ 2.
Suppose that λ is a primitive eth root of unity. If A1 were isomorphic to A3,
their first order deformations were also isomorphic, i.e., A1/τ
2A1 ∼=f A3/τ
2A3. The
former is k[τ ]〈x, y, z〉/(f0, f1, f2, f3, f4) where
f0 = τ
2,
f1 = xz − (1− τ)λzx,
f2 = yz − (1 + τ)λ
−1zy,
f3 = xy − ϕ¯(z) + τzϕ¯
′(z),
f4 = yx− ϕ(z).
Since ze is a central element of A, it is also central in A3/τ
2A3. It follows that there
exists b ∈ A such that ze+ bτ is central in A1/τ
2A1. However, a direct computation
shows that this is impossible. Hence A1 cannot be isomorphic to A3. 
Acknowledgments
I am grateful to Prof. Wendy Lowen for her inspiring discussions and helpful
conversations. Some ideas arose from my doctoral research. I would like to thank
my supervisor Prof. Quanshui Wu for his advice and encouragement.
References
[1] V.V. Bavula, Generalized Weyl algebras and their representations, Algebra i Analiz 4 (1992),
75–97.
[2] , Tensor homological minimal algebras, global dimension of the tensor product of algebras
and of generalized Weyl algebras, Bull. Sci. Math. 120 (1996), 293–335.
[3] R. Bocklandt, T. Schedler, and M. Wemyss, Superpotentials and higher order derivations, J.
Pure Appl. Algebra 214 (2010), 1501–1522.
36 L.-Y. LIU
[4] K.A. Brown and J.J. Zhang, Dualising complexes and twisted Hochschild (co)homology for
Noetherian Hopf algebras, J. Algebra 320 (2008), 1814–1850.
[5] T. Brzezin´ski, Quantum homogeneous spaces as quantum quotient spaces, J. Math. Phys. 37
(1996), 2388–2399.
[6] M.A. Farinati, A. Solotar, and M. Sua´rez-A´lvarez, Hochschild homology and cohomology of
generalized Weyl algebras, Ann. Inst. Fourier (Grenoble) 53 (2003), 465–488.
[7] M. Gerstenhaber, On the deformation of rings and algebras, Ann. of Math. (2) 79 (1964),
59–103.
[8] M. Gerstenhaber and S.D. Schack, Algebraic cohomology and deformation theory, Deformation
theory of algebras and structures and applications (Il Ciocco, 1986), NATO Adv. Sci. Inst. Ser.
C Math. Phys. Sci., vol. 247, Kluwer Acad. Publ., 1988, pp. 11–264.
[9] T. Hadfield, Twisted cyclic homology of all Podles´ quantum spheres, J. Geom. Phys. 57 (2007),
339–351.
[10] I. Heckenberger and S. Kolb, Podles´’ quantum sphere: dual coalgebra and classification of
covariant first-order differential calculus, J. Algebra 263 (2003), 193–214.
[11] T.J. Hodges, Noncommutative deformations of type-A Kleinian singularities, J. Algebra 161
(1993), 271–290.
[12] U. Kra¨hmer, On the Hochschild (co)homology of quantum homogeneous spaces, Israel J. Math.
189 (2012), 237–266.
[13] L.-Y. Liu, S.-Q. Wang, and Q.-S. Wu, Twisted Calabi-Yau property of Ore extensions, J.
Noncommut. Geom. 8 (2014), 587–609.
[14] E.F. Mu¨ller and H.-J. Schneider, Quantum homogeneous spaces with faithfully flat module
structures, Israel J. Math. 111 (1999), 157–190.
[15] P. Podles´, Quantum spheres, Lett. Math. Phys. 14 (1987), 193–202.
[16] L. Richard and A. Solotar, Isomorphisms between quantum generalized Weyl algebras, J. Alge-
bra Appl. 5 (2006), 271–285.
[17] J.J. Rotman, An introduction to homological algebra, second ed., Universitext, Springer, New
York, 2009.
[18] S.P. Smith, A class of algebras similar to the enveloping algebra of sl(2), Trans. Amer. Math.
Soc. 322 (1990), 285–314.
[19] A. Solotar, M. Sua´rez-A´lvarez, and Q. Vivas, Hochschild homology and cohomology of general-
ized Weyl algebras: the quantum case, Ann. Inst. Fourier 63 (2013), 923–956.
[20] M. Van den Bergh, Noncommutative homology of some three-dimensional quantum spaces, K-
Theory 8 (1994), 213–230.
[21] , A relation between Hochschild homology and cohomology for Gorenstein rings, Proc.
Amer. Math. Soc. 126 (1998), 1345–1348. Erratum, Proc. Amer. Math. Soc. 130 (2002), 2809–
2810.
[22] A. Yekutieli, The rigid dualizing complex of a universal enveloping algebra, J. Pure Appl.
Algebra 150 (2000), 85–93.
Departement Wiskunde-Informatica, Middelheimcampus, Universiteit Antwerpen,
Middelheimlaan 1, 2020 Antwerp, Belgium
E-mail address: liyu.liu@uantwerpen.be
